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Overview

e 3-points-on-a-line is 3SUM-hard
* Minimum area triangle

e Sum of squared face complexity
* Maximum level vertex

* Non-linear objects



Credits

* CGAA: Chapter 8 in Computational Geometry Algorithms and
Applications, Arrangements and Duality, by de Berg et al

e L11vK: Lecture 11 in Computational Geometry, Arrangements and
Duality, by Marc van Kreveld



3-points-on-a-line is 3SUM-harad



3SUM

* Given a set S of n integers, are there three elements a, b,c € S such
thata+b+c=0



3SUM-hardness

* [Gajentaan & Overmars ‘1995]

* A problem is 3SUM-hard if solving it in subquadratic time implies a
subquadratic-time algorithm for 3SSUM

e 3-points-on-a-line is 3SUM-hard

* 3SUM is by now solvable by a subquadratic-time algorithm
[Gronlund-Pettie ‘14] and further developments

* No subquadratic-time solution is known for 3-points-on-a-line



3-points-on-a-line is 3SUM-hard

* [Gajentaan & Overmars ‘1995]

e 3SUM’: Given three sets of integers A,B,C of total size n, are there
elementsa € A,b € B,c € C suchthata+ b =
 3SUM and 3SUM’ are linear-time transformable to one another
e 3-points-on-a-line is 3SUM’-hard
A. Gajentaan, M.H. Overmars / Computational Geometry 5 (1995) 165-185

*Aisony=0,Bony =2, and
C/2ony=1
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The minimum area triangle



Problem: Minimum area triangle

* Given a set of n points py, ..., p,, in the plane find the three that
define the triangle of minimum area

* The problem is 3SUM-hard



Subproblem for p;, p;

* Find a third point p;, such that among all other points defines with
pi, pjthe smallest area triangle



Recall

primal plane dual plane
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Duality preserves vertical distances (L11vK]









How does this look in the dual plane?




The traversal

* Line by line (py ")

* Traversing the zone of the line p;~, looking for candidate p;" N p;”



Remarks

* Running time 0(n?)

* The question is relevant in any dimension: minimum volume simplex
e Runs in 0(n%) time in R4, assuming d is fixed

* Relies on a corresponding zone theorem in higher dimension



Sum of squared face complexity



The problem

e Given an arrangement of n lines in the plane.

* Let E; be the number of edges along the boundary of face f
(including unbounded faces and edges).

e What is the maximum value of ) Efz, where the sum is over all faces
of the arrangement?
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Finding the max-level vertex



The problem

Chapter 8 8.13 Given a set L of n lines in the plane, give an O(nlogn) time algorithm to
ARRANGEMENTS AND DUALITY compute the maximum level of any vertex in the arrangement A(L).

[CGAA]

* The level of a vertex in the arrangement (here): the number of lines
strictly below it



Under the general position assumption



The degenerate case

//



Dan Halperin, Sariel Har-Peled, Kurt Mehlhorn, Eunjin Oh, Micha Sharir:
The Maximum-Level Vertex in an Arrangement of Lines. CoRR abs/2003.00518 (2020)




Arrangements of non-linear
objects



Fig. 5.6: An arrangement induced by
a parastichy pair of Fibonacci spirals.
The clockwise-winding set (blue) and
counterclockwise-winding set (green)
consists of eight and five spirals, respec-
tively. Each spiral arc in both sets com-
prises two circular arcs, the fifth and the
sixth circular arcs in the underlying com-
plete Fibonacci spiral.

[FHW]



THE END



