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Overview

• The complexity of the lower envelope

• Arc appearance

• Arc disappearance



Figures taken from Chapter 9 in Computational Geometry Algorithms 
and Applications, Delaunay Trinagulations, by de Berg et al



Complexity of the beach line



How many arcs can appear on the beach line

• this in turn will determine the storage requirement of the status 
structure

• [arc: a maximal contiguous portion of a parabola on the lower 
envelope] 

• 𝑛 sites: at most 2𝑛 − 1 arcs

• more generally, the lower envelope of 𝑛 parabolas can have at most 
2𝑛 − 1 maximal arcs

• Demo: http://www.raymondhill.net/voronoi/rhill-voronoi.html

http://www.raymondhill.net/voronoi/rhill-voronoi.html


Arc appearance and 
disappearance



Reminder

• the only way for a new parabolic arc to appear on the beach line is 
through a site event

• the only way for a parabolic arc to disappear from the beach line is 
through a circle event



Arc appearance

• obviously possible at a site 
event

• a parabola cannot penetrate 
the beach line from above, I: 
if only one common point, the 
parabolas must be the same 
(simple algebra)



• a parabola cannot 
penetrate the 
beach line from 
above, I



Arc appearance, cont’d

• a parabola cannot penetrate 
the beach line from above, II, 
through a breakpoint



Arc disappearance

• a parabola cannot disappear 
into another parabola─the 
same argument as before 
(considering the opposite 
direction)

• a parabola can only disappear 
between two other parabolic 
arcs



THE END


