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Decoupled Planners

The following problem cannot be solved using decoupled planners:

=

The two robots have to exchange positions.
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Centralized Approach

@ The robots are treated as a group and sometimes as one composite
robot.

@ Usually yields a complete planner.

@ Known techniques applicable only for small-scale problems with low
degrees of freedom.
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Introduction

Centralized Path Planning for Multiple Robots:
Optimal Decoupling into Sequential Plans
Jur van den Berg Jack Snoeyink Ming Lin Dinesh Manocha
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Introduction

@ The algorithm decomposes the multi-robot motion planning problem
into lower-dimensional sub-problems that can be executed
sequentially.
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Introduction

@ The algorithm decomposes the multi-robot motion planning problem
into lower-dimensional sub-problems that can be executed
sequentially.

@ In these sub-problems, individual robots will be coupled and
considered as composite robots.
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Preliminaries

Notations:
@ nrobots, r,...,r,, common workspace.
@ C(r;): Configuration space of robot r;.

@ s;, g € C(r;): start and goal configurations of robot r;.

Goal

Compute a path 7 : [0,1] — C(r1) x ... x C(rp) such that initially
7(0) = (s1,...,5n), finally 7(1) = (g1,-..,&n), and for every t € (0, 1)
7(t) describes a collision free (obstacles, robots) position.
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Coupled Relation

Definition

For a robot r; the Active Interval 7; is defined as the open interval from
the first time r; leaves its start position to the last time it reaches its goal
position.
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Coupled Relation

Definition
For a robot r; the Active Interval 7; is defined as the open interval from

the first time r; leaves its start position to the last time it reaches its goal
position.

Definition

Two robots r;, rj are coupled if their active intervals intersect, 7; N 7; # 0.
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Example

Consider the following active intervals for a given path :
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Consider the following active intervals for a given path :

<€ >| T4
— T3
> T3
«—> Tq

t=0 t=1
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Example

Consider the following active intervals for a given path :

<€ >| T4
— T3
> T3
«—> Tq

t=0 t=1

The coupled robots are {ri, 3}, {r, r},{r3, r}.
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Execution Sequence

Definition
A Composite Robot R is a subset of {r,...,r,}. J
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Execution Sequence

Definition
A Composite Robot R is a subset of {r,...,r,}.

Definition
Execution Sequence is an ordered partition of the n robots into a sequence
S =(Ry,...,Ry) of composite robots, such that

-} R1U...URk:{r1,...,rn}

o Forevery i #j RiNR; =0.
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Execution Sequence

Definition

S is valid if it describes the coupled relation of the robots in some solution
path.
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Execution Sequence

Definition
S is valid if it describes the coupled relation of the robots in some solution
path.

Definition
S is optimal if it is the solution sequence with the lowest degree of its
largest composite robot.
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Example

S = [I’3, ra, rl]
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5 = [I’3, ra, rl]
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S =[r,mr,n] S =[r,nn]
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Validating Execution Sequences

Theorem

S is valid if, for all i € [1, k], robot R; € S can move from start to goal
without colliding with
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Validating Execution Sequences

Theorem

S is valid if, for all i € [1, k], robot R; € S can move from start to goal
without colliding with

® {Ry,...,Ri_1} in their goal positions
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Validating Execution Sequences

Theorem

S is valid if, for all i € [1, k], robot R; € S can move from start to goal
without colliding with

® {Ry,...,Ri_1} in their goal positions
® {Rit1,...,Rn} in their start positions
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Validating Execution Sequences

Theorem

S is valid if, for all i € [1, k], robot R; € S can move from start to goal
without colliding with

® {Ry,...,Ri_1} in their goal positions
® {Rit1,...,Rn} in their start positions

For example, S = [r3, rir2] is valid for the scene

®
©®@®
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Key Observation

@ How do we construct valid execution sequences?
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@ How do we construct valid execution sequences?

@ Consider the following scene:
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Centralized Path Planning for Multiple Robots

Key Observation

@ How do we construct valid execution sequences?

@ Consider the following scene:

@ Assume we found the blue trajectory for r; and we want to use it in
the global solution.
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Centralized Path Planning for Multiple Robots

Key Observation

@ How do we construct valid execution sequences?

@ Consider the following scene:

@ Assume we found the blue trajectory for r; and we want to use it in
the global solution.

@ What will be the order of ri, r3, r4 in the solution sequence?
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Order Constraints

o Consider a specific trajectory for the robot R.
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Order Constraints

o Consider a specific trajectory for the robot R.

o If this trajectory collides with a goal configuration of the robot r; we
write R < r;.
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Order Constraints

o Consider a specific trajectory for the robot R.

o If this trajectory collides with a goal configuration of the robot r; we
write R < r;.

o If the trajectory collides with the start configuration of r; we write
< R.
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Example
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Centralized Path Planning for Multiple Robots

Example

For the first trajectory

rn<nAmn-<rmn
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Centralized Path Planning for Multiple Robots

Example

For the first trajectory
rn<nAmn-<rmn
The second trajectory:

n<rAmn<n
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Centralized Path Planning for Multiple Robots

Example

For the first trajectory
rn<nAmn-<rmn
The second trajectory:

n<rAmn<n

And combined:

P(rl) = (r2 < nAn < r4)\/(r1 < r3Ar < rl)
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Constraints from an Execution Sequence

Let P(R) be the collection of all collision of R for all paths, in DNF
formula, separated by "OR".
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Constraints from an Execution Sequence

Let P(R) be the collection of all collision of R for all paths, in DNF

formula, separated by "OR".
If we AND the constraints for all robots in an execution sequence, we get

the expression that must be satisfied for it to be a solution sequence.
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Constraints from an Execution Sequence

Let P(R) be the collection of all collision of R for all paths, in DNF

formula, separated by "OR".
If we AND the constraints for all robots in an execution sequence, we get
the expression that must be satisfied for it to be a solution sequence.

Observation

An execution sequence S = (Ry, ..., Rk) is a solution sequence iff S
satisfies the constraints expression P(Ri) A ... A P(Rx).
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The CR Planner

@ How do we find the ordered constraints?
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The CR Planner

@ How do we find the ordered constraints?

@ The CR planner produces constraints on the execution sequence
induced by small subsets of robots.
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The CR Planner

@ How do we find the ordered constraints?

@ The CR planner produces constraints on the execution sequence
induced by small subsets of robots.

@ Our algorithm incrementally calls the planner on higher and higher
degree sub-problems, using the discovered constraints to determine
what robots must be coupled.
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The CR Planner

@ How do we find the ordered constraints?

@ The CR planner produces constraints on the execution sequence
induced by small subsets of robots.

@ Our algorithm incrementally calls the planner on higher and higher
degree sub-problems, using the discovered constraints to determine
what robots must be coupled.
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Constraint Graphs

@ The algorithm maintains the obtained constraints obtained in a
constraint expression E.
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Constraint Graphs

@ The algorithm maintains the obtained constraints obtained in a
constraint expression E.

@ E isin a DNF form, i.e. E= J;V J V..., of conjunctions J;.
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Constraint Graphs

@ The algorithm maintains the obtained constraints obtained in a
constraint expression E.

@ E isin a DNF form, i.e. E= J;V J V..., of conjunctions J;.

e Each conjunction J can be represented as a constraints graph G(J).
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Conjunction as a Directed Graph

Each conjunction can be represented as a directed graph.
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Conjunction as a Directed Graph

Each conjunction can be represented as a directed graph.
Example:

(hn<nAn=<m)V(n<mnArmn<rn)
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Conjunction as a Directed Graph

Each conjunction can be represented as a directed graph.
Example:

(hn<nAn=<m)V(n<mnArmn<rn)

7T\ N 77N
(r«e—r, (rn) (2
N N/ N o/

R N 0N >N

e
(r3) (rs) (13) (7s)
N N/ N N
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Conjunction as a Directed Graph

Each conjunction can be represented as a directed graph.
Example:

(hn<nAn=<m)V(n<mnArmn<rn)

7T\ N 77N
(r«e—r, (rn) (2
N N/ N o/

R N 0N >N

e
(r3) (rs) (13) (7s)
N N/ N N
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Constraint Graphs

@ What happens if the graph contains a cycle?
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Constraint Graphs

@ What happens if the graph contains a cycle?

TN TN
(7r1) (r2)
AL 4
( )
\ff/ \’:4,/
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Constraint Graphs

@ What happens if the graph contains a cycle?

\I"l <Vz

@ There is a contradiction!
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Constraint Graphs

@ What happens if the graph contains a cycle?

\I"l <Vz

@ There is a contradiction!

@ This means that the involved robots need to be coordinated.

Kiril Solovey Multi-Robot Motion Planning



Preliminaries
Incremental Discovery of Coupling
Results

Centralized Path Planning for Multiple Robots i

Constraint Graphs

@ What happens if the graph contains a cycle?

TN TN
(71) (r2)
[\Z‘f \714,/‘

@ There is a contradiction!
@ This means that the involved robots need to be coordinated.

o Let G°CC(J) denote the component graph of G(J), which contains a
node for each strongly connected component in G(J).
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Constraint Graphs

@ What happens if the graph contains a cycle?
) ()
1
@ There is a contradiction!
@ This means that the involved robots need to be coordinated.
o Let G°CC(J) denote the component graph of G(J), which contains a

node for each strongly connected component in G(J).

@ Each node in G°¢€(J) corresponds to a (composite)robot.
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Constraint Graphs

What happens if the graph contains a cycle?

TN TN
(7r1) (r2)
\

J/

ixi

l\ff \114,/‘
@ There is a contradiction!

@ This means that the involved robots need to be coordinated.

o Let G°CC(J) denote the component graph of G(J), which contains a
node for each strongly connected component in G(J).

@ Each node in G°¢€(J) corresponds to a (composite)robot.

e Topologically sorting G°¢¢(J) gives an execution sequence S(J) of
composite robots.
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Constraint Graphs

What happens if the graph contains a cycle?

TN TN
(7r1) (r2)
\

J/

ixi

l\ff \114,/‘
@ There is a contradiction!

@ This means that the involved robots need to be coordinated.

o Let G°CC(J) denote the component graph of G(J), which contains a
node for each strongly connected component in G(J).

@ Each node in G°¢€(J) corresponds to a (composite)robot.

e Topologically sorting G°¢¢(J) gives an execution sequence S(J) of
composite robots.
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Incrementally Building the Execution Sequence

e E is initialized to be T (true).
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Incrementally Building the Execution Sequence

e E is initialized to be T (true).

@ The algorithm selects iteratively the smallest composite robot
Rmin € E that haven't been planned yet.
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Incrementally Building the Execution Sequence

e E is initialized to be T (true).

@ The algorithm selects iteratively the smallest composite robot
Rmin € E that haven't been planned yet.

e CR planner is invoked on Ry, and returns P(Rpmin)-
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Incrementally Building the Execution Sequence

E is initialized to be T (true).

The algorithm selects iteratively the smallest composite robot
Rmin € E that haven't been planned yet.

CR planner is invoked on Ry, and returns P(Rpmin)-

P(Rmin) is incorporated into E.
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Incrementally Building the Execution Sequence

e E is initialized to be T (true).

@ The algorithm selects iteratively the smallest composite robot
Rmin € E that haven't been planned yet.

e CR planner is invoked on Ry, and returns P(Rpmin)-

@ P(Rmin) is incorporated into E.

@ We stop when there exists J € E for which all robots in S(J) have

been planned.
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Centralized Path Planning for Multiple Robots

Incrementally Building the Execution Sequence: Example

We will run the algorithm on the problem:

® ®

O ®
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Incrementally Building the Execution Sequence: Example

N //"\‘

{ ) { |

\]"vl / \Cz

TN TN

(F3) (Fa )

N4 A

Iteration 1. L = 0, Ryyin = 71, P(r1) = (ro <ri Ary <rg) VvV (r1 <
r3 Arg <7T1).
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Incrementally Building the Execution Sequence: Example

/’ ™~ //"\‘

{ } { i

\]"vl / \Cz

TN N

(73 (Fa)

N/ A

Iteration 1. L = 0, Rypin =71, P(r1) = (r2 <r1 Ary <ra) V(11 <
r3 Arg <7T1).

/;'\\ /}:\\ ,/;;\ /'I; ~N
(re=—r) (r) (r2)
\ \/ \I \/
AN r’/r\\?\»
(7r3) (7a) 3 ) 4
N NG NG NG

Iteration 2. L = {r1}, Ryin =12, P(r2) = ro < raV(ri < roArg <
r3 Arg < 7‘2).
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Incrementally Building the Execution Sequence: Example

TN N
/ { \
() (r2)
\__/ N

r3 ) 1/}”4\}

— A
Iteration 1. L = 0, Ryyin = 71, P(r1) = (ro <ri Ary <rg) VvV (r1 <
r3 /\ 74 < 7r1).
/ ”\\ 70\ Vs
\\1 ‘_( o // \\Vl//! \
</1:3\ r r4\ (ry (m)

/ \ o\

ltelat10n2 L_ {ri}. Rmin =172, P(ra) =ra <raV(ri <raArs <
Tg/\?,L {72)

— ’\ / ™
A —(72)
I/
\yr / r p , R "ﬂ'\\
{ 4 3 \ 4 { : 1 4
‘\,, -/ \,/
Itemuon 3. L = {n,rz}, Rmin =3, 73(?“3 =71y < r3V(r3 <

rg ANrg <rgAry < 7’3).
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Incrementally Building the Execution Sequence: Example

r ) (m) ()

(rnyp—r) (n) )

\_ 1,\\ Iz/ N ll/.\\f/

SN YN N

(13 je——1s) (13 +—T14)

\_/ o/ N N

VRN TN Yo Y - N Yo ™~
(rje—r) | Vl\) L/l"z } 1/?‘1\@/}"2 ) \\Vl I"z/}

‘,Xl/ 1/ 1 I/
(ri=lr) (ni=r) (nf=ro) (rn={r)

Tteration 4. L = {r1, 72,73}, Ruin = ra, P(r4) = T, so no change to
graphs.

Kiril Solovey Multi-Robot Motion Planning



Prelin ies
Incremental Discovery of Coupling
Results

Centralized Path Planning for Multiple Robots i

Incrementally Building the Execution Sequence: Example

,r/ N\ TN 7N 7 N\

i1 X I
Ve %N\ /l 7 [y N A
V2NV EINGY 5 WOV BIANE) et OB e\
Tteration 4. L = {r1, 72,73}, Ruin = ra, P(r4) = T, so no change to
graphs.

o After the 4th iteration, L = {r, r, 3, r}.
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Incrementally Building the Execution Sequence: Example

,r/ N\ TN 7N 7 N\

i1 X I
Ve %N\ /l 7 [y N A
V2NV EINGY 5 WOV BIANE) et OB e\
Tteration 4. L = {r1, 72,73}, Ruin = ra, P(r4) = T, so no change to
graphs.

o After the 4th iteration, L = {r, r, 3, r}.
o J1, ), Js, J5 have all their SCC in L.
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Incrementally Building the Execution Sequence: Example

TN TN N Va

(rjpe——r) (r) 72
\,\ I/ \IA\EI/
TN 7N 0 N
(13— rs) (13 +——71s}
N N N _

™~ Y 7\
(; 2 ) ) r2

TN TN Yo TN -
(rje——r) ;rl\) (72 1/?‘1\|:'v}" (7

IXT IXI XTI
/o N N N\, N N
=) ) ) (B

Tteration 4. L = {r1, 72,73}, Ruin = ra, P(r4) = T, so no change to
graphs.

o After the 4th iteration, L = {r, r, 3, r}.
o J1, ), Js, J5 have all their SCC in L.
@ The algorithm terminates and returns S(J1).
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Scene 1

@ Each robot r; changes position with r((i18) mod 16)
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Scene 1

@ Each robot r; changes position with r((i18) mod 16)

@ The algorithm returned

(r0r7r8r15’ rire, r2rio, 3111, r4r5r2ri3, rera, r7r15)
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Scene 2
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Scene 2

@ 65 robots
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Scene 2

@ 65 robots

@ Solution
sequence
involves only
individual
robots!
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@ Two possible settings, two possible CR Planners:
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Project

@ Two possible settings, two possible CR Planners:
» Grid workspace: motion planning on graphs.
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Project

@ Two possible settings, two possible CR Planners:

» Grid workspace: motion planning on graphs.
» Polygonal robots and obstacles (harder): sampling-based techniques.

Kiril Solovey Multi-Robot Motion Planning
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@ Two possible settings, two possible CR Planners:

» Grid workspace: motion planning on graphs.
» Polygonal robots and obstacles (harder): sampling-based techniques.

@ In both cases, the main algorithm remains the same.
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e End

and the robots lived happily ever after.”

Multi

obot Motion Plannii
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