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Minimum-Width Annulus

e An annulus is the bounded area
between two concentric circles

e The width of an annulus is the
difference between its radii R and r

e Goal: given a set of objects
(points, segments, disks etc.) find
an annulus of minimum width
containing the objects (MWA)
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Applications

Tolerancing Metrology — MWA can
be used to calculate the round-
ness of a manufactured object (how
much the object is round)

www.npl.co.uk/server.php
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Related Work

¢ Algorithms based on Voronoi Diagrams were introduced by
Ebara et al. '89 and by Roy and Zhang '92
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Related Work

¢ Algorithms based on Voronoi Diagrams were introduced by
Ebara et al. '89 and by Roy and Zhang '92

e Constrained MWA by de Berg et al. '98 — enforcing various useful
restrictions on MWA

e MWA bounding a polygon by Le and Lee '91
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Related Work

¢ Algorithms based on Voronoi Diagrams were introduced by
Ebara et al. '89 and by Roy and Zhang '92

e Constrained MWA by de Berg et al. '98 — enforcing various useful
restrictions on MWA

e MWA bounding a polygon by Le and Lee '91

e Linear and O(nlogn) algorithms for special cases with more
information: Swanson et al. '93, Garcia-Lopez et al. '98, Devillers
and Ramos '02

e Chan '06 presented a linear (1 + ¢)-factor approximation algorithm
based on coresets
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The Connection to Voronoi Diagrams

If MWA exists then:
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The center of the MWA is a vertex of the overlay of the nearest
and furthest Voronoi diagrams

3 cases:
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The Connection to Voronoi Diagrams

If MWA exists then:

The center of the MWA is a vertex of the overlay of the nearest
and furthest Voronoi diagrams

3 cases:
Inner circle touches 3 points — center is a nearest Voronoi vertex
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The Connection to Voronoi Diagrams

If MWA exists then:

The center of the MWA is a vertex of the overlay of the nearest
and furthest Voronoi diagrams

3 cases:
Outer circle touches 3 points — center is a farthest Voronoi vertex
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The Connection to Voronoi Diagrams
If MWA exists then:

The center of the MWA is a vertex of the overlay of the nearest
and furthest Voronoi diagrams

3 cases:
Both inner and outer circles touches > 2 points — center is an
intersection point between the diagrams (on edges of both diagrams)
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MWA of Disks in the Plane

Nearest  Voronoi
is replaced by the
Apollonius diagram

(X, di) =||x —ci|]| =i
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Voronoi + Overlay = MWA

MWA of Disks in the Plane

Nearest ~Voronoi  Farthest Apollonius

is replaced by the  diagram is not good
Apollonius diagram

(X, di) =||x —ci|]| =i
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Voronoi + Overlay = MWA

MWA of Disks in the Plane

Nearest ~ Voronoi  Farthest Apollonius  Farthest-Point Far-

is replaced by the  diagramis notgood  thest-Site VD re-

Apollonius diagram places the farthest
VD

We need to consider
d(x,dy) =||x —cj|| —r the farthest point of 4&(x,d;) = ||x — ci|| + T
the disk from a point
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Voronoi + Overlay = MWA

MWA of Disks in the Plane

Nearest ~ Voronoi  Farthest Apollonius  Farthest-Point Far-

is replaced by the  diagramis notgood  thest-Site VD re-

Apollonius diagram places the farthest
VD

We need to consider
d(x,dy) =||x —cj|| —r the farthest point of 4&(x,d;) = ||x — ci|| + T
the disk from a point
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Both diagrams have hyperbolic bisectors



Exact Implementation using CGAL

e VD are computed using a randomized
Voronoi framework based on CGAL
Envel ope_3 and Arrangenent _2
packages

¢ Both diagrams implementations are
based on the ability to compute
arrangements of algebraic plane
curves (Eigenwillig and Kerber '08)
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Exact Implementation using CGAL

e VD are computed using a randomized
Voronoi framework based on CGAL
Envel ope_3 and Arrangenent _2
packages

¢ Both diagrams implementations are
based on the ability to compute
arrangements of algebraic plane
curves (Eigenwillig and Kerber '08)

e The implementation is robust — all (degenerate) inputs are
handled correctly with exact number types

e We use the overlay function of CGAL to overlay the two diagrams
« Total exp. time: O(nlog?n + k logn)
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Results

No. Disks | Time(secs)[ V [ E [ F |

50 10.741| 126| 213| 88
100 26.994 | 238| 395| 158
200 62.968 | 416| 659 | 244

500 185.244| 775|1174| 400
1000 405.405 | 1242|1894 | 653
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Implementation Details

THE END
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